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We investigate the phase diagram and the spin-orbital entanglement of a one-dimensional
SU(2)⊗XXZ model with SU(2) spin exchange and anisotropic XXZ orbital exchange interac-
tions and negative exchange coupling. As a unique feature, the spin-orbital entanglement entropy
in the entangled ground states increases here linearly with system size. In the case of Ising or-
bital interactions we identify an emergent phase with long-range spin-singlet dimer correlations
triggered by a quadrupling of correlations in the orbital sector. The peculiar translational invariant
spin-singlet dimer phase has finite von Neumann entanglement entropy and survives when orbital
quantum fluctuations are included. It even persists in the isotropic SU(2)⊗SU(2) limit. Surpris-
ingly, for finite transverse orbital coupling the long-range spin singlet correlations also coexist in
the antiferromagnetic spin and alternating orbital phase making this phase also unconventional.
Moreover we also find a complementary orbital singlet phase that exists in the isotropic case but
does not extend to the Ising limit. The nature of entanglement appears essentially different from
that found in the frequently discussed model with positive coupling. Furthermore we investigate
the collective spin and orbital wave excitations of the disentangled ferromagnetic-spin/ferro-orbital
ground state and explore the continuum of spin-orbital excitations. Interestingly one finds among
the latter excitations two modes of exciton bound states. Their spin-orbital correlations differ from
the remaining continuum states and exhibit logarithmic scaling of the von Neumann entropy with
increasing system size. We demonstrate that spin-orbital excitons can be experimentally explored
using resonant inelastic x-ray scattering, where the strongly entangled exciton states can be easily
distinguished from the spin-orbital continuum.
PACS numbers: 75.25.Dk, 03.67.Mn, 05.30.Rt, 75.10.Jm
I. INTRODUCTION
Spin-orbital coupling phenomena are ubiquitous in
solids and have been known to exist since the early days
of quantum mechanics and band theory, but only re-
cently it was realized that the quantum nature of or-
bital degrees of freedom plays a crucial role in the fields
of strongly correlated electrons [1–7] and cold atoms [8–
12]. The growing evidence of spin-orbital entanglement
(SOE) accumulated due to novel experimental techniques
which probe a variety of underlying electronic states. The
strong Coulomb interactions and the relativistic spin-
orbit interaction entangle locally the spin and orbital de-
grees of freedom [13] which display an amazing variety
of fundamentally new and fascinating phenomena, rang-
ing from topologically nontrivial states [14], relativistic
Mott-insulating behavior in 5d [15, 16] and 4d [17, 18]
transition-metal oxides and entanglement on superex-
change bonds in spin-orbital models [6, 19]. Other more
recent developments include entangled spin-orbital exci-
tations [20, 21], doped spin-orbital systems [22], skyrmion
lattices in the chiral metal MnSi [23], multiferroics, spin-
Hall effects [24], Majorana and Weyl fermions [25], topo-
logical surface states [26], Kondo systems [27], exotic spin
textures in disordered systems, to name just a few.
To date, experimental observation of a dynamic spin-
orbital state has been a challenge. Apart from the in-
trinsic anisotropy and the relative complexity of the or-
bital couplings, it has been shown that the interplay be-
tween the two frustrated degrees of freedom may lead
to exotic states of matter. An x-ray scattering study
of a dynamic spin-orbital state in the frustrated magnet
Ba3CuSb2O9 supports spin liquid state [28, 29], while
FeSc2S4 [30–32] and the d
1 effective models on the trian-
gular lattice [33] and on the honeycomb lattice [34, 35]
are found to be candidates for spin-orbital liquids in the
theory. Recently remarkable progress was achieved due
to rapidly developed resonant inelastic x-ray scattering
(RIXS) techniques [36] which helped to explore the el-
ementary excitations in Sr2CuO3 [37, 38] and Sr2IrO4
[39], with antiferromagnetic (AF) and ferro-orbital (FO)
order in ground states. Orbital order in the spin-gapped
dimerised system Sr3Cr2O8 below the Jahn-Teller tran-
sition was also identified [40]. However, it remains chal-
lenging experimentally and theoretically, mainly owing
to the lack of an ultimate understanding of spin-orbital
correlations.
In the Mott insulators with an idealized perovskite
structure, the low-energy physics is described by spin-
orbital models, similar to the Kugel-Khomskii model [2],
where the spin and orbital are considered on equal foot-
ing as dynamic quantum variables [4]. Spin interaction
possesses SU(2) symmetry, which will be broken however
by the relativistic spin-orbit coupling. It couples spins
2to the orbitals, that are in general non-SU(2)-symmetric
in a solid. However, this coupling can frequently be ne-
glected in realistic 3d systems and one is left in general
with entangled spin-orbital superexchange problem [6],
that is the eigenstates cannot be written as products of
spin and orbital wave functions. One immediate conse-
quence of entanglement is that spin and orbital terms
cannot be factorized in the mean-field approach. Or-
bitals are spatially anisotropic and thus their interactions
have lower symmetry than the spin ones which reflects
the directional dependence of the orbital wave functions.
For the fixed occupation of orbitals, the magnitude and
sign of the spin-orbital superexchange interactions follow
the classical Goodenough-Kanamori rules [41], but quan-
tum fluctuations change them and make it necessary to
consider spin-orbital interplay in entangled states on ex-
change bonds [19]. Therefore, it is important to measure
whether eigenstates are entangled or not.
A natural measure of SOE is the von Neumann entropy
(vNE) which we write first for the nondegenerate ground
state |Ψ0〉,
S0vN ≡ −TrA{ρ(0)A log2 ρ(0)A }. (1.1)
Here we consider a system Ω composed of two non-
overlapping subsystems [42], i.e., Ω = A ∪B, A∩B = ∅,
and ρ
(0)
A is the reduced density matrix. It is obtained
by integrating the density matrix over subsystem B, i.e.,
ρ
(0)
A = TrB|Ψ0〉〈Ψ0|. However, one has to realize that
information contained in entanglement entropy depends
crucially on how one partitions the Hilbert space of the
system. To investigate SOE we use here as two subsys-
tems A and B the spin and orbital degrees of freedom in
the entire chain. Standard spin-orbital phases may have
entanglement in only one sector and here we concentrate
on joint SOE [43]. This choice is distinct from the one
conventionally made when the system is separated into
two spatially complementary parts [44], for instance in
frustrated spin chains [45] or in the periodic 1D Ander-
son model [46].
Though much attention was devoted to the ground
state in the past [47], it has been noticed only recently
that the entanglement entropy of low-energy excitations
may provide even more valuable insights [43, 48, 49]
which are of crucial importance to understand the origin
of quantum phase transitions in spin-orbital systems [50].
The well known area law of the bipartite entanglement
entropy restricts the Hilbert space accessible to a ground
state of gapped systems [51, 52], while the area law is
violated by a leading logarithmic correction in critical
systems, whose prefactor is determined by the number of
chiral modes and precisely given by Widom conjecture
[53]. In this respect, the application of the entanglement
entropy in describing quantum criticality in many-body
Hamiltonian merits a lot of studies [42, 54].
On the other hand, the excited states have the mix-
ture of logarithmic and extensive entanglement entropy,
and the logarithmic states are expected to be negligible
in number compared to all the others. The entanglement
in excited state is proven always larger than that of the
ground state of a spin chain [55]. For a spin-orbital cou-
pled system, the division of spin and orbital operators
retains the real-space symmetries, which is beneficial to
the calculation of mutual entanglement. In two-particle
states, the SOE is determined by the inter-component
coherence length [43], as though the state has sufficient
decay of correlations [45].
The aim of this paper is to use the entanglement en-
tropy to investigate the full phase diagram of the one-
dimensional (1D) anisotropic spin-orbital SU(2)⊗XXZ
model. The main motivation for considering the Ising
asymmetry in the orbital sector comes from the obser-
vation that spin-orbital entanglement is large when both
subsystems, i.e., spin and orbital sectors, reveal strong
quantum fluctuations. Thus the Ising anisotropy which
is present in many physical systems introduces addi-
tional control of orbital fluctuations and thereby pro-
vides an important control parameter for SOE. Here
we focus on the model with negative exchange inter-
action. This choice of the exchange coupling restricts
somewhat joint spin-orbital fluctuations being particu-
larly large near the SU(4) symmetric point in the 1D
spin-orbital model with positive coupling constant [56],
but opens novel possibilities for entangled states, as we
show below [50]. An interesting phase with entangled
ground state, consisting of alternating spin singlets along
the spin-orbital ring, is found for Ising orbital interac-
tions when the dimerization in the spin channel induces
the change from FO to alternating orbital (AO) correla-
tions. Here we report the complete phase diagram of the
anisotropic SU(2)⊗XXZ spin-orbital model, with two
phases of similar nature which gain energy from singlet
correlations leading to dimerization, either in spin or in
orbital sector. These phases were overlooked before in
the fully symmetric case, i.e., in the phase diagram of
the isotropic SU(2)⊗SU(2) model [43].
We also analyze the nature of spin-orbital excited
states, particularly in the case of the disentangled ferro-
magnetic (FM) and FO ground state, labeled as FM/FO
order. We also analyze entanglement entropy in the ex-
cited states for the FM/FO phase and show that spin-
orbital excitations form a continuum, supplemented by
collective bound states. The latter states are character-
ized by a logarithmic scaling behavior, and as we show
could be detected by properly designed RIXS experi-
ments [57–59].
The paper is organized as follows. The model is intro-
duced in Sec. II. In Sec. III we present an analytic solu-
tion for the ground state in the Ising limit of the orbital
interactions. A more general situation with anisotropic
XXZ orbital interaction is analyzed in Sec. IVA, and
the phase diagram for the isotropic SU(2)⊗SU(2) model
is reported in Sec. IVB. This model and the obtained
SOE are different from the AF case, as shown in Sec.
IVC. Next we determine the elementary excitations in
the FM/FO phase in Sec. V and show that they are en-
3tangled although the ground state is disentangled. The
vNE spectral function is presented in Sec. VIA, includ-
ing the scaling behavior of the bound states which is
contrasted with that in the AF/AO ground state. In
Sec. VI B we explore the possibilities of investigating
entanglement in the present 1D spin-orbital model by
RIXS. The paper is concluded by a discussion and brief
summary in Sec. VII. Some additional technical insights
which are accessible by an exact solution of the two-site
model are presented in the Appendix.
II. THE 1D SPIN-ORBITAL SU(2)⊗XXZ
We consider the 1D spin-orbital Hamiltonian which
couples S = 1/2 spins and T = 1/2 orbital (pseudospin)
operators,
H = −J
∑
j
HSj (x)⊗HTj (∆, y) , (2.1)
with SU(2) spin Heisenberg interaction HSj (x), orbital
anisotropic XXZ interaction HTj (∆, y),
HSj (x) = ~Sj · ~Sj+1 + x, (2.2)
HTj (∆, y) = ∆
(
T xj T
x
j+1 + T
y
j T
y
j+1
)
+ T zj T
z
j+1 + y. (2.3)
We take below J = 1 as the energy unit. The model
Eq. (2.1) has the following parameters: (i) x and y
which determine the amplitudes of orbital and spin ferro-
exchange interactions, −Jx and −Jy, respectively, and
(ii) ∆ which interpolates between the Heisenberg (∆ = 1)
and Ising (∆ = 0) limit for orbital interactions. When
∆ = 1, the spin and orbital interactions are on equal
footing and the symmetry of the Hamiltonian (2.1) is en-
hanced to SU(2)⊗SU(2) — this model describes a generic
competition between FM and AF spin, and between FO
and AO bond correlations [43].
We emphasize that the coupling constant −J is neg-
ative, so at large x > 0 and y > 0 it gives a disentan-
gled FM/FO ground state, see below — therefore the
model may be called in short FM. This choice of the
exchange coupling restricts somewhat joint spin-orbital
fluctuations being large near the SU(4) symmetric point,
(x, y) = (0.25, 0.25), in the 1D spin-orbital model with
positive, i.e., AF coupling constant [56], but opens other
interesting possibilities for entangled states, as we have
shown recently [50]. Both total spin magnetization Sz
and orbital polarization T z are conserved, and time rever-
sal symmetry leads to the total momentum either k = 0
or k = π.
Before analyzing the spin-orbital model of Eq. (1) in
more detail, let us summarize briefly the properties of
the well known AF model, with positive coupling con-
stant J . The SU(4) symmetric Hamiltonian found at
(x, y) = (0.25, 0.25) is an integrable model which can
be solved in terms of the Bethe Ansatz [56, 60]. Away
from the SU(4) symmetric points this choice of the cou-
pling constant favors the phases with spin-orbital order
depending on the actual values of x and y, and the phase
diagram obtained by numerical methods includes in gen-
eral phases with all types of coupled spin-orbital order,
i.e., FM/FO, AF/FO, AF/AO, and FM/AO, as well as
the gapless spin-orbital liquid phase near the SU(4) point
[61, 62]. In addition, Schwinger boson analysis gives
phases with spin-orbital valence-bond correlations and
also spin valence bond and orbital valence-bond phases
[63]. The latter two show a tendency towards dimerised
spin or orbital correlations which occur here in the prox-
imity of the SU(4) point. For some special choice of pa-
rameters the model can be solved exactly: (i) when ∆ = 1
and x = y = 3/4, the exact ground state is doubly de-
generate with the spins and the orbitals forming singlets
on alternate bonds, while (ii) when ∆ = 0, x = 3/4 and
y = 1/2, the non-Haldane spin-liquid ground state can
be analytically obtained [64, 65], and (iii) several inte-
grable cases were presented for interactions with special
symmetries [66, 67], or (iv) with XY orbital interactions
(∆ =∞) [20].
The form of Eq. (2.1) is not the most general one
but is representative for real spin-orbital systems with
anisotropic orbital interactions. In real systems the or-
bital part contributes by additional superexchange terms
which are not coupled to SU(2) spin interaction [4]. For
instance, in the case of t2g orbital degrees of freedom as
in the perovskite titanates or vanadates, the interactions
along the c cubic axis involve the doublet of two orbitals
active along it, i.e., the yz and zx orbitals [68]; a similar
situation is encountered in a tetragonal crystal field of a
quasi-1D Mott insulator [69], or for px and py orbitals of
a 1D fermionic optical lattice [8–10].
A priori, due to the quartic spin-orbital joint term,
∝ (~Sj ·~Sj+1)[∆(T xj T xj+1+T yj T yj+1)+T zj T zj+1] in the Hamil-
tonian Eq. (2.1) the spin-orbital interactions are entan-
gled, and the spin and orbital operators cannot be sepa-
rated from each other in the correlation function, except
for some ground or excited states in which the SOE van-
ishes. The spin-orbital bond correlations (2.4)
Ctot1 ≡
〈
(~Sj · ~Sj+1)[∆(T xj T xj+1 + T yj T yj+1) + T zj T zj+1]
〉
,
(2.4)
are uniform in the considered system and Ctot1 does not
depend on the site index j. We investigate below these
composite quartic correlations and show that they could
also be surprisingly large. As an additional criterion of
setting up the phase diagram, we use below the fidelity
susceptibility which elucidates the change rate of ground
states in the parameter space [70]. It serves as an or-
der parameter to characterize the phase diagram of the
anisotropic (∆ < 1) spin-orbital model (2.1). The fidelity
susceptibility is defined as follows,
χF(λ) ≡ −2 lim
δλ→0
lnF(λ, δλ)
(δλ)2
, (2.5)
where the fidelity
F(λ, δλ) = |〈Ψ0(λ)|Ψ0(λ+ δλ)〉|, (2.6)
4is taken along a certain path in the parameter space in
the vicinity of the point λ ≡ λ(∆, x, y).
III. ISING ORBITAL INTERACTIONS (∆ = 0)
In the Ising limit of orbital interactions (∆ = 0) the
Hamiltonian (2.1) simplifies and has SU(2)⊗Z2 symme-
try — it is a prototype model for the directional orbital
interactions with quenched quantum fluctuations in t2g
systems. This may happen in real compounds in two
ways: (i) either only one of the two active orbitals is oc-
cupied by one electron and contributes in the hopping
processes along the 180◦ bonds [71] or 90◦ bonds [72],
or (ii) the orbital degrees of freedom are quenched in
the presence of strong crystal field. In both these cases
the orbital exchange (orbital-flip) processes are blocked
and orbital interaction are of a classical Ising-like form.
Such Ising interactions are frustrated when they emerge
in higher dimension, as in the well-studied orbital com-
pass model [73–75] and in Kitaev model [76], see also a
recent review on the compass model [77]. It is now in-
triguing to ask what happens to the SOE in this case.
It may be still triggered by spin fluctuations while the
model with Ising spin interactions (A.2) is classical.
The phase diagram of the model Eq. (2.1) at ∆ = 0,
i.e., in the absence of orbital fluctuations, which follows
from fidelity susceptibility (2.5) is displayed in Fig. 1.
As expected, one finds four trivial combinations of spin-
orbital order: FM/FO (phase I), AF/FO (phase II),
AF/AO (phase III), and FM/AO (phase IV). All these
phases have the entanglement entropy (1.1) S0vN = 0
and spins and orbitals disentangle. Transitions between
pairs of them are given by straight lines and may be also
obtained rigorously by the mean-field approach. The
ground state of a L-site chain stays in the subspace
Sz = 0, T z = 0, momentum k = 0 (always degenerate
with Sz = 0, T z = 0, k = π for all parameters) in phases
III (AF/AO), IV (FM/AO) and V, while it is found in
the subspaces Sz = 0, T z = ±L/2, k = 0 in phases I
(FM/FO) and II (AF/FO) (of course, in phases I and IV
also other values of Sz 6= 0, with −L/2 ≥ Sz ≥ L/2, are
allowed and the ground states have the respective degen-
eracy). The ground states with energy E0 = 0 are highly
degenerate when x < −1/4 along the critical line y = 1/4
between phases III and IV, suggesting that antiparallel
orbitals erase the spin dynamics. Along the critical line
y = −1/4 between phases I and II, the ground states are
also highly degenerate when x ≥ 3/4, and parallel or-
bitals on the bonds (in FO order) quench again the spin
fluctuations.
Although the orbital interactions are Ising-like, entan-
gled spin-orbital ground state occurs in phase V. In order
to understand better emergent phase V, we introduce the
longitudinal equal-time spin/orbital structure factor, de-
fined for a ring of length L (with a lattice constant a = 1;
FIG. 1. (Color online) Spin-orbital entanglement entropy S0vN
Eq. (1.1) and the phase diagram in the (x, y) plane of the
SU(2)⊗Z2 spin-orbital model (2.1) with ∆ = 0 as obtained for
the system size of L = 8 sites. The critical lines are discerned
by both fidelity susceptibility and analytical method. Phases
I-IV are disentangled (S0vN = 0) with order defined as follows:
FM/FO (phase I), AF/FO (phase II), AF/AO (phase III), and
FM/AO (phase IV). The spin and orbital textures in phase
V with finite entropy S0vN > 0 are explained in the text.
we use periodic boundary conditions) by
Szz(k) =
1
L
L∑
j,j′=1
e−ik(j−j
′)〈Szj Szj′〉, (3.1)
T zz(k) =
1
L
L∑
j,j′=1
e−ik(j−j
′)〈T zj T zj′〉. (3.2)
The calculation of the equal-time structure factor Szz(k)
for a model of uncorrelated nearest neighbor dimers
was compared with the one for the kagome lattice
ZnCu3(OD)6Cl2 [78]. One finds analytically that in the
case ∆ = 0, a cosine-like spin structure factor, i.e.,
Szz(k) ∝ (1−cos k), is revealed in phase V for y = −1/4,
implying that only nearest neighbor spins are correlated.
This finding is essential as the short-range spin correla-
tion indicates here a translation invariant dimerised spin-
singlet state which has the same spin structure as the
Majumdar-Ghosh (MG) spin state [79]. However, this
state is not triggered here by frustrated interactions J1
and J2, but is evidently induced by the correlations in
the orbital sector.
In the Ising limit we obtain the analytic ground state
for phase V as described below. The essential feature is
that the energy is gained by spin singlets occupying the
bonds with AO states, while the bonds connecting two
spin singlets have FO order, see Fig. 2(a). To construct
the ground state, we introduce the corresponding four
5FIG. 2. (Color online) (a) One of four translational equiva-
lently spin and orbital configurations in the Ising limit of the
spin-orbital model (2.1) at ∆ = 0 and y = −0.25. The spins
form isolated dimers (shaded ovals). (b) A single orbital ex-
citation and induced spin configuration. (c) A single spin flip
makes a singlet-triplet spin excitation, but does not induce
any change in orbital correlations.
configurations in the orbital sector:
|φ1〉 = |++−−++−− · · · 〉,
|φ2〉 = | −++−−++− · · · 〉,
|φ3〉 = | − −++−−++ · · · 〉,
|φ4〉 = |+−−++−−+ · · · 〉. (3.3)
The solutions are classified by the momenta correspond-
ing to the translational symmetry of the system. The
orbital wave functions in the ground state for the mo-
menta k = 0, π/2, 3π/2, π correspond to:
|φk〉 = 1
2
(|φ1〉+ eik|φ2〉+ e2ik|φ3〉+ e3ik|φ4〉) . (3.4)
In spin subspace there are two distinct (but nonorthogo-
nal) states:
|ψD1 〉 = [1, 2][3, 4] · · · [N − 1, N ],
|ψD2 〉 = [2, 3][4, 5] · · · [N, 1], (3.5)
where the singlets are located on odd (even) bonds. Here
a singlet is defined by [l, l + 1] = (| ↑↓〉 − | ↓↑〉)/√2.
One representative component of the ground state with
the orbital part |φ4〉 accompanied by the spin state |ψD1 〉
is shown in Fig. 2(a). The ground state in the k = 0
subspace is given by the superposition
|Φk=0〉 =
1
2
(|φ1〉⊗|ψD2 〉+|φ2〉⊗|ψD1 〉+|φ3〉⊗|ψD2 〉+|φ4〉⊗|ψD1 〉)
=
1√
2
( |φ1〉+ |φ3〉√
2
⊗ |ψD2 〉+
|φ2〉+ |φ4〉√
2
⊗ |ψD1 〉
)
.(3.6)
The state |Φk=0〉 is entangled both in individual spin and
orbital subspaces, and also is characterized by SOE along
the chain. Such a many-body state, and similar states ob-
tained for other momenta, k = ±π/2 and k = π, give an
exact value of the vNE, S0vN = 1. The resulting fluctu-
ations between these states suppress conventional order
and the system features finite entropy even at zero tem-
perature, in contrast to the naive expectation from the
third law of thermodynamics. The emergent excitations
are also entangled and fundamentally different from the
individual spin or orbital ones, see Figs. 2(b) and 2(c).
As the orbital correlations are classical in the Ising
limit, we can determine all the phase boundaries analyt-
ically by considering the spin interactions for various or-
bital configurations. The lower boundary between phase
III (AF/AO) and V at y = −1/4 can be determined by
comparing the uniform state with energies of AO corre-
lation on a bond, i.e., 〈T zj T zj+1〉 = −1/4, with the al-
ternating state of pairs of the same orbitals shown in
Fig. 2(a), i.e., 〈T zj T zj+1〉 = (−1)j/4, which coexists with
spin dimer order (spin interactions vanish for a pair of
identical orbitals). One finds the following effective spin
Hamiltonian in this case:
HDIM =
1
2
∑
j∈odd
(
~Sj · ~Sj+1 + x
)
, (3.7)
and the corresponding ground state energy per site in the
thermodynamic limit is
E0DIM =
1
4
(−0.75 + x) . (3.8)
The dimerised phase competes with the AO order coex-
isting with the 1D resonating valence-bond spin state,
with energy
E0AO =
1
2
(−0.4431 + x) . (3.9)
Hence, one finds that E0DIM < E
0
AO for x > 0.136. The
quadrupling due to spin-orbital interplay in phase V is
well seen by the calculation of the four-spin correlation
function which we define following Refs. [80, 81],
D(r) =
1
L
∑
i
[〈
(~Si · ~Si+1)(~Si+r · ~Si+r+1)
〉
−
〈
~Si · ~Si+1
〉〈
~Si+r · ~Si+r+1
〉]
. (3.10)
If y = −1/4, spin dimer correlations alternate and
D(r) = (−1)r
(
3
8
)2
, (3.11)
which follows from Eq. (3.10) for the alternating spin
singlets, 〈~Si · ~Si+r〉 = −3[1− (−1)r]/8. Indeed, one finds
this value (3.11) for x ∈ [0.2, 0.7] and the result is robust
and the same for systems sizes L = 12 and L = 16, see
Fig. 3. On the contrary, for x < 0.2 the values of D(r)
6FIG. 3. Dimer correlation function D(r) (3.10) obtained for
the anisotropic SU(2)⊗Z2 spin-orbital model for different val-
ues of x ∈ [0, 0.7] in phases V and III and for the ring of length:
(a) L = 12, and (b) L = 16 sites. Parameters: y = −0.25 and
∆ = 0.
decrease with increasing distance r, and would vanish in
the thermodynamic limit of L→∞.
When y < −1/4, there are three competing phases
with predetermined orbital configurations (AO, DIM, or
FO) and the corresponding spin interactions given by ef-
fective spin Hamiltonians:
HAO =
(
1
4
− y
)∑
j
(~Sj · ~Sj+1 + x), (3.12)
HDIM =
(
1
4
− y
) ∑
j∈odd
(~Sj · ~Sj+1 + x)
−
(
1
4
+ y
) ∑
j∈even
(~Sj · ~Sj+1 + x), (3.13)
HFO = −
(
1
4
+ y
)∑
j
(~Sj · ~Sj+1 + x). (3.14)
In this case also even inter-singlet bonds contribute to the
energy in the |DIM〉 state, but the spin correlations van-
ish, i.e., 〈~Sj · ~Sj+1〉 = 0. It is obvious that HAO and HFO
stand for the same (translational invariant) spin Hamilto-
nian, and HFO will have lower ground state energy when
x > −〈~Sj · ~Sj+1〉AF ≃ 0.4431. The dimerised AF Heisen-
berg chain (3.13) related to spin-Peierls state cannot be
solved trivially, with the exception of the free-dimer limit
(y = −0.25) and the uniform Heisenberg limit (y = −∞)
[82], One finds the ground state energy per site ε∞(δ) of
a pure dimerised spin chain [83],
ε∞(δ) =
3
4
1
1 + α
(
1 +
α2
8
+
α3
32
+ · · ·
)
, (3.15)
with α = (1 − δ)/(1 + δ) and δ ≡ 1/|4y| & 0.4. For
δ . 0.4,
ε∞(δ) = ln 2− (ln 2− 1)|δ|4/3. (3.16)
In such a case, E0DIM = y[ε∞(δ)− x]. The overwhelming
dimerised phase will persist in a range of negative values
of y, and the boundaries close at y = −∞, as is indicated
by structure factors and fidelity susceptibility.
The phase transitions in the phase diagram of Fig. 1
imply the discontinuous changes of order parameters in
first-order quantum phase transitions. The orbital order
changes from phase II (AF/FO) to phase III (AF/AO),
as shown in Ref. [50], but the Ne´el order persists in both
of them and manifests itself in the two-spin correlation,
〈Szi Szi+r〉. For translational invariant and orthonormal
linear combinations of the symmetry-broken Ne´el (AF)
states,
|ΦAF1 〉 = | ↑↓↑↓ · · · ↑↓〉,
|ΦAF2 〉 = | ↓↑↓↑ · · · ↓↑〉, (3.17)
there are spin 〈Szi Szi+r〉 = (−1)r/4 and dimer D(r) = 0
correlations (for r 6= 0), while for dimer states |ΦDIM1 〉
and |ΦDIM2 〉, 〈Szi Szi+r〉=0 (for r 6= ±1) and D(r) 6= 0 (for
r 6= 0), see Fig. 3, respectively. These results reflect
the long-range nature of the two types of order. The AF
classical spin correlations (3.17) are replaced by a power
law for the AF spin S = 1/2 chain in the thermodynamic
limit,
〈
~Si · ~Si+r
〉
∼ (−1)r
√
ln |r|
|r| , (3.18)
which is equivalently revealed by the structure factors
Szz(k) and T zz(k) defined by Eqs. (3.1) and (3.2).
IV. ENTANGLEMENT IN THE GROUND
STATES
A. The anisotropic orbital interactions (0 < ∆ ≤ 1)
When ∆ = 0, there is no dynamics in the orbital sec-
tor, and the orbital structure factor is dominated by a
single mode which follows from the Z2 symmetry [50].
This changes when 0 < ∆ ≤ 1 and the quantum fluctu-
ations in the orbital sector contribute. In order to un-
derstand the modifications of the phase diagram in the
entire interval 0 < ∆ ≤ 1, we select ∆ = 0.5 and study
the longitudinal equal-time spin/orbital structure factor,
defined for a ring of length L in Eqs. (3.1) and (3.2).
The most important change at finite ∆ occurs for the
phase transition between phases V and III (AF/AO)
which becomes continuous for fixed y and decreasing x,
with a gradual change of spin correlations from the al-
ternating singlets to an AF order along the chain [50].
Here we discuss in more detail the intermediate case of
∆ = 0.5. First we address the phases with uniform spin-
orbital order. The spin structure factors has distinct
peaks at k = 0 for FM order and at k = π for AF order.
Similarly, one finds a maximum of the orbital structure
factor T zz(k) at k = 0 for FO order and at k = π for AO
order. These structure factors complement one another
